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15. ESERCIZI

SULL’INTEGRAZIONE PER PARTI
1) .[xcosx dx 2) jxexdx 3) .[xlnxdx 4) jx3lnx dx 5) .[arctgxdx

6) .[XZ arctg x dx 7) ij e3x dx 8) jInZ xdx 9) J'x\/x+ldx

Col “circolo vizioso apparente”:
10) jex senx dx

11) jeZX oS X dx

12) I e—xcos3x dx

SULL’INTEGRAZIONE PER SOSTITUZIONE
(per questi esercizi pit impegnativi, nelle “risposte” sono riportati gli svolgimenti completi)

dx = 2arctgv/x—1+c, con lasostituzione vx—-1=t

13) Fai vedere che j .
XA/ X —

-1)(6x+4
14) Fai vedere che jx\/x—l dx=%\/x—l+c, con la sostituzione v/x—-1=t

15) Dimostra che .[\/4— x2dx = 2arcsen§+§\/4—x2 +c, ponendo x = 2sent

16a) Dimostra che -[(I;
X

dx =In|iInx+2|+c, con lasostituzione x = et
nx+2)

16b) L’integrale precedente avrebbe potuto essere ricavato anche senza sostituzioni: in che modo?

Vx+1-1

X+1+1

17) Mostra che J‘X+1dx=2\/x+1+ln

X

+C, ponendo vx+1=t

18) Ricava I’uguaglianza j%dx =—X— 2\/;—2In‘\/§—q +c tramite la sostituzione v'x =t
—/X
19) Ponendo x = sent ricava I’uguaglianza J' /i_—x dx =arcsenx++/1-x2 +¢
+ X
1+x2)4/1
20a) jx\/1+ x2dx = %

+ X2
+c con la sostituzione v1+x2 =t
20b) J.x\/1+ x2dx =

(1+x2)V1+x2 o
5 ¢ senzaalcuna sostituzione

1

L X . . i .
21) 1l laborioso integrale j dx =arctg x+1 5 +C puO essere ricavato in due modi:
+X

(1+ x2)2

a) con la sostituzione x =tgt

. . 14 x2 —x2 1 X2 x2
b) coi passaggi dx = | ————dx= - dx =arctg x— | ————dx
I (1+x2)° I (1+x2)° J| e (1+x2)° I (1+x2)°
. . 2 1 2X
eseguendo I’ultimo integrale per parti: ~ X k=[x —E _dx=..
I (1+x2)° 72 (14x2)

Provaci!
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RISPOSTE

x2 x2
1) xsenx+cosx+c  2) xeX—ex+c 3) 7Inx—T+c

4 4 3 2
4) XTInx—:—6+c 5) xarctg x—%ln(1+ x2)+c  6) X?arctg x—%+%ln(1+ X2)+c
2(x+1)(3x—2)
%) 15
e~*(3sen3x —cos3x) ]
10 "

7) %x2e3x—§xe3x +2—27e3x +C 8) xIn2x—2xInx+2x+c X+1l+c

ex(senx—cosx)

e2x(2cosx + senx)
5 +c

5

10) +c 11) 12)

13)

_[ ! dx

X4/ x—1

x-1=t
X-1=12 - x=1+t2
dx = 2tdt

1 1 2
'[x — dx—jm-zldt _Il+t2 dt = 2arctgt +c = 2arctg/x—1+c¢

14)
Ix\/x—ldx
x-1=t
x—1=t2
X=1+t2
dx = 2tdt
[xfx=Ldx=[(1+1t2)-t-2tdt = [(2t2 +2t*)dt =
t3 t5 2 3 2 5 2 2 2
=2-§+2-E+c=§( x—l) +§( x—l) +c=§(x—l)x/x—l+g(x—l) Jx-1+c=
=(X—1)\/x—1E+§(x—l)}rc=

15 15
15)
I\/4—x2dx
X X x )2 / x2
Xx=2sent > sent=—,t=arcsen—; cost=,/1-| —| =,/1-—
2 2 2 4
dx = 2costdt

Ix/4—x2dx = j\/4—4sen2t .2costdt = J. /4(1—sen2t) .2costdt = J'Z\/l—senzt .2costdt =
=I2\/coszt .2costdt =

n
=I2005t-2costdt = j4cosztdt :4-m+

2

( 2 { —x2
:2t+25entcost+c=2arcsen§+2-%- 1—%+c=2arcsen%+x 44X +c=2arcsen%+%x\/4—x2+c




16&) J~

dx
Inx+2)

Inx=t—>x=et
dx = et dt

dt=

1 1
Ix(lnx+2)dx_jg((t+2) #

=Injt+2/+c=In|lnx+2|+c
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16b
) I ! -ldx
Inx+2 x

jm f '(x) dx

Inf(x)+c

17)

J"XXJrldx NX+1l=t x+1=t2; x=t2-1 dx=_2tdt

VX+1 t

j - dx:jtz_l-ztdtzzj2 dt—zj dt—zj( )dt—Zt sz(ﬁ_mjtz
=2t+Inft-1-Injt+1+c=2vx+1 +In‘\/x+ 4—In‘\/x+ 1‘+c 2JXx+1+1In Vx+1 1

VX+14+ 1

18)

Jli/\;/;dx Jx=t; x=12: dx=2tdt

Jx t ~1+1 (t+1)ﬁ//5

Il_&dx:jl 2tdt—j—dt——2j—dt——2j dt _—2j + dt =
:—2[%+t+In|t—]1)+c=—2(§+\/§+In‘\/§—l‘]+c=—x—2&—2|n‘\/§—1‘+c

19)

/l
-[ 1+§ ox

=sent >t=arcsenx, dx=costdt

(l—sent)2

1-sent costdt =

JPJ

_J-l—sentcostdt J-l sent
) Jeos?t - cost
20a)
J'x\/1+x2dx
1+x2 =t
1+ x2 =12
X2=12-1->x=+12-1
i
o
Ix\/1+x2dx:jm-t- b dt-
J;—l
3
t3 (V1+X2) (1+x2)V1+x2
:Itzdt=§+c= 3 +C= 3 +C

1-sent
tdt =
1+sentCOS J.\/(1+sent)(1—sent)

costdt :_[

\J1-sen?t

/osfdt =t+cost+C=arcsenx+cos(arcsenx)+c=arcsenx++v1-x? +c

20b)

Ix\/1+ x2dx = %IZX\/1+ x2dx
%j f () F (X)dx =

1 1
:EIf'(x)[f(x)]z dx =
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21a)
f%dx
(1+x2)
sent sent
X=tgt=—r =
cost  /1—sen?t
o Senft o s 2t w2 — v2epn2 2. o2 2(v2 1)
X2 = X2 —x2sen2t = sen?t; x2 = x2sen2t +sen2t; x2 = sen t(x +1),
1—sen2t
2t i t X
sen?t = : sent =
+ X2 V1+x?
dx = L dt
cos?t
1 1 1 1 1 1 1
7 X = 2 th ZI 7 cos2i T 2 th:
(1+x?) (1+1tg2t)” ©OS s sen2t )~ COS cos2t + sen?t )~ C€OS
cos?t cos?t
1 X
arctg X+ 1=
1 t +sentcost Y1+ x2 1+ x2
:j dt—_[cos“t dt—jco s2tt = SeNteost 1+X X e=
( 1 )2 coszt cos?t 2 2
cos2t
arctg x + 1+x* - x2 arctg x+—— / ! X
2 2 2' 2 arctgx+ 2
\/1+x 4% .o Vitx2 V1+x2 14x2
2 2
_1 arctg x + X \ic
2 1+ x2
21h)
1 1 2 _y2 1 2 2
I 2dx=J'L);dx=_|' - X > |dx=arctg x— I - dx
(1+x2) (1+x2) 1+x (1+x2) 1+x2)
1 2 1 1 1 1 1
I —j— :—Ix- X 2dx=—{x-( 2}—_[( 2}-1dx}=—— X2+ arctgx+c
(1+x2 2 (1+x2) 2 1+x 1+x 2 1+xs 2
I dx—arctgx+1-i—larctgx+c—1arctgx+1- +C
2 2 2 1+ x2

(1+x2) 2 1+x2

% %



